Introduction
We say that a finite p-group is powerful if [G, G] ≤ G p if p is odd or [G, G] ≤ G 4 if p = 2. Powerful p-groups were first introduced by Lubotzky and Mann in [13] and they have played a prominent role in studying finite p-groups and compact p-adic analytic groups. By a result of Lazard, a compact topological group G has an analytic structure over Q p if and only if it has a finite index subgroup U which is finitely generated, powerful and torsion-free [2] . A finitely generated torsion-free powerful pro-p group is what we call a uniform group. A uniform group has a natural Lie algebra structure which is given by the inversion of the Baker-Campbell-Hausdorff formula and the additive structure of the Lie algebra defines the structure of Q p -variety.
In [10] Klopsch and Snopce have conjectured that for an odd prime p a torsion-free pro-p group is uniform if and only if the minimal number of generators and the dimension coincide. They proved this conjecture in the special case when the group is solvable leaving the general case open. They also pointed out that this conjecture follows from the more general question of whether for a finite p-group G and p an odd prime d(G) = log p (|Ω 1 (G)|) is a sufficient and necessary condition for the group G to be powerful. This question turned out to be false for the prime p = 3 (see Example 1). The aim of this paper is to give a positive answer to this question for p ≥ 5, and provide a counterexample for the prime p = 3.
Theorem A. Let p ≥ 5 and let G be a finite p-group . Then the following conditions are equivalent:
(1) G is powerful,
In a finite p-group G the minimal number of generators coincides with log p (|G : G p [G, G]|). Therefore one can refrase Theorem A by saying that
| is a necessary and sufficient condition for a p-group G to be powerful. In [6] Hethelyi an Levai proved that for a powerful p-group G, one has |G : G p | = |{g ∈ G | g p = 1}|, therefore this result can be seen as a converse of this fact. Theorem B proves Theorem A and it also includes a weaker version for the prime p = 3. The main ingredient for proving Theorem B are the so-called ω-maximal groups, which were introduced in [4] by González-Sánchez and Klopsch.
Theorem B. Let p be an odd prime, G a finite p-group and let k ≤ p−2 and i ≥ 1 or k = p − 1 and i ≥ 2. Then the following conditions are equivalent:
Theorem B is false for k = p − 1 and i = 1. We will construct an infinite family of counterexamples to this fact.
Theorem C. Given an odd prime p and a positive integer s
The text is organized as follows: In Section 2 we recall the main properties of ω-maximal groups; and in Section 3 we prove Theorem B and construct the family of counterexamples that prove Theorem C.
Notation: Ω {i} (G) denotes the subset of elements of order p i and Ω i (G) the subgroup generated by the elements of order p i . G p i will denote the subgroup generated by the p i -powers of G. The rest of the notation is standard in group theory.
ω-maximal groups and interchangeable words
Let G be a finite group and ω(x 1 , . . . , x n ) ∈ F (X) an element in the free group over the set X = {x 1 , . . . , x n }. The verbal subgroup ω(G) is defined as the subgroup generated by the subset of G,
We say that G is ω-maximal if for all proper subgroups H of G, |H : ω(H)| < |G : ω(G)|. The theory of ω-maximal groups was studied in [4] , but the concept was already present in [14] , [11] and [8] . An important family of words are the so called interchangeable words. We say that a word ω is interchangeable in a group G if for every normal subgroup N of G, one has that
We will need the following lemma about interchangeable words.
Lemma 1. Let p be an odd prime and G a finite p-group, and let ω be equal to one of the group words
Proof. For (i) see [4, Lemma 3.1] . In order to prove (ii), first notice that for
and for G a finite p-group one has that
and for N a normal subgroup of G,
We claim that
Indeed, by [3, Theorem 2.5] and since i ≥ 2,
and
and by P. Hall collection formula,
Similarly, by [3, Theorem 2.5],
By the same theorem and since
Hence one can easily conclude that
and ω is interchangeable in G.
The theory of ω-maximal p-groups for which ω is an interchangeable word is very particular and will lead to the proof of the main results of this paper. 3. The characterization of powerful p-groups and uniform pro-p groups
In this section we give the proof of Theorem B. We start with the case p ≥ 5. (
Proof. (1) implies (2) follows from [15] or [5] .
For the converse take
and take K a minimal element in C with respect to inclusion. It follows that for all subgroups H of K, |K :
By Lemma 1 we have that the word ω is interchangeable in G. Thus, by Theorem 2, it follows that
Therefore the nilpotency class of the group K is at most k + 1 ≤ p − 1. In particular the p-group K is regular and |K :
Then we have the following inequalities:
Since the first and the last term are the same all the inequality are equalities. Hence G p i γ k (G) = G p i γ k+1 (G). This implies that γ k (G) ≤ G p i .
As a consequence we can provide a positive answer to the Question 1.9 in [10] for p ≥ 5. (1) G is powerful, (2) d(G) = log p (|Ω 1 (G)|).
Proof. The proof follows immediately from the case k = 2 and i = 1 in the previous theorem.
And we can solve positively Conjecture 1.1 of [10] for p ≥ 5.
Corollary 5. Let p ≥ 5 and let G be a torsion-free p-adic analytic pro-p group. Then the following conditions are equivalent:
